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Abstract – In the paper, a new flexible modification of neo-

fuzzy neuron, neuro-fuzzy network based on these neurons and 

adaptive learning algorithms for the tuning of their all 

parameters are proposed. The algorithms are of interest because 

they ensure the on-line tuning of not only the synaptic weights 

and membership function parameters but also forms of these 

functions that provide improving approximation properties and 

allow avoiding the occurrence of “gaps” in the space of inputs. 
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I. INTRODUCTION 

Artificial neural networks (ANN), fuzzy inference systems 

(FIS) and wavelet systems (WS) have been widely used in 

recent years to solve a wide range of problems, such as 

Dynamic Data Mining [1], [2] and processing of nonlinear 

non-stationary signals of different nature under a priori and 

current uncertainty.  

Hybrid wavelet-neuro-fuzzy systems [3], [4], [5], [6] 

emerged as the synergism of these three directions in 

computational intelligence. The wavelet-neuro-fuzzy systems 

possess the learning capabilities similar to those of neural 

networks, provide the interpretability and transparency of 

results inherent to the fuzzy approach and similarly effective 

wavelet systems for non-stationary signal processing with 

local features. 

The main disadvantages of wavelet-neuro-fuzzy systems 

especially when using in an on-line mode are related to the 

slow convergence of the conventional gradient-based learning 

procedures and computational complexity of second-order 

procedures when using in sequential adaptive variants. 

Furthermore, significant problems may arise in the processing 

of non-stationary signals, since the second-order procedures, 

for example, exponentially weighted recurrent least squares 

method can be numerically instable. 

 

II.  NEO-FUZZY NEURON AND ITS ARCHITECTURE 

To overcome these difficulties, a hybrid neuro-fuzzy system 

called “neo-fuzzy-neuron” (Fig. 1) was proposed in [7], [8], 

[9]. As it can be seen, the architecture of neo-fuzzy neuron is 

quite close to the conventional n -inputs artificial neuron; 

however, instead of usual synaptic weights jiw  it contains the 

so-called nonlinear synapses , 1,2, ,iNS i n= K . 

When an input vector signal 

1 2( ) ( ( ), ( ), , ( ))T

nx k x k x k x k= K  (here 1,2,k = K  is a current 

discrete time) is fed to the input of the neo-fuzzy neuron, its 

output is defined by both the membership functions ( ( ))ji ix km  

(its authors have used conventional triangular functions) and 

the tunable synaptic weights ( )jiw k : 

 

Fig. 1. Neo-fuzzy neuron 

 
1 1 1

ˆ( ) ( ( )) ( 1) ( ( )).
n n h

i i ji ji i

i i j

y k f x k w k x km
= = =

= = -å å å  (1) 

Using the learning criterion in the form of standard 

quadratic error function  

 2 21 1
ˆ( ) ( ( ) ( )) ( )

2 2
E k y k y k e k= - =  (2) 

minimized via the usual gradient descent procedure, it is easy 

to write weights update algorithm in the form 

 ( 1) ( ) ( 1) ( ( 1)),ji ji ji iw k w k e k x kh m+ = + + +  (3) 
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where ( )y k  is the target value of the output (reference signal), 

h  is the learning rate parameter, which determines the rate of 

the convergence and as a rule is chosen empirically. 

The authors of neo-fuzzy neuron note [9] that among its 

most important advantages there are the rate of learning, high 

approximation properties, computational simplicity, the 

possibility of finding the global minimum of the learning 

criterion in real time. 

At the same time, the efficiency of this system is reduced 

when processing non-stationary signals disturbed by noises of 

unknown nature. To increase the learning rate in [10], an 

adaptive optimal learning algorithm was proposed in the form 

 2

( 1) ( ( 1))
( 1) ( )

( ( 1))
ji ji

e k x k
w k w k

x k

m

m

+ +
+ = +

+
 (4) 

which is a variety of the known optimal Kaczmarz-Widrow-

Hoff procedure. Here 
11 21 1 12( ) ( ( ), ( ), , ( ), ( ),hw k w k w k w k w k= K  

2 1, ( ), , ( ), , ( ), , ( ))T

h ji n hnw k w k w k w kK K K K , 
11 1( ) ( ( ( )),k x km m=  

1 1 12 2 2 2, ( ( )), ( ( )), , ( ( )), , ( ( )), ,h h ji ix k x k x k x km m m mK K K K

1 ( ( )), , ( ( )))T

n n hn nx k x km mK  - ( 1)hn´  -vectors; 1, ,i n= K , 

1, ,j h= K . 

To provide both tracking (in non-stationary situation) and 

filtering (when stochastic disturbances corrupt the processed 

signal) properties for the neo-fuzzy neuron, a modified 

adaptive procedure was used 

 

1( 1) ( ) ( 1) ( 1) ( ( 1)),

( 1) ( 1) ( ( 1)) ,

0 1

w k w k r k e k x k

r k r k x k

m

b m

b

-ģļ + = + + + +ļļļ + = + + +ķ
ļļļ £ £ļī

 (5) 

(here b  is the forgetting factor), based on the Goodwin-

Ramadge-Caines stochastic approximation procedure [11] for 

adaptive identification tasks.  

Further modifications of neo-fuzzy neuron were connected 

to improve its approximation properties. Thus, in [10] instead 

of the triangular membership functions the second-degree 

polynomials were proposed, and in [12] the fourth-degree 

polynomials were recommended. In [13], [14] cubic and B-

splines functions were proposed to be used, and in [4], [5], 

[15], [16] different types of odd wavelets were suggested.  

III. FLEXIBLE NEO-FUZZY NEURON WITH TUNABLE FORM OF 

MEMBERSHIP FUNCTIONS 

Let us introduce an activation-membership function that is 

described by the expression 

 ( )
( )

( ) ( )
( ( )) 1 ( ) ( ) exp

( )

ji

ji

s k

s k ji

ji i ji ji

ji

k
x k k k

s k

t
m a t

ę ö÷ē ÷ē ÷ē= - - ÷ē ÷ē ÷÷ēč ų

 (6) 

where 
1( ) ( ( ) ( )) ( )ji i ji jik x k c k kt s -= - ; ( )jic k  is the centre 

of activation-membership function; ( )ji ks  is the width of 

activation-membership function; ( )ji ka  is the shape 

parameter of activation-membership function; ( )jis k  is the 

flexible parameter of activation-membership function. 

It is obvious that when 0, 2, 1sa s= = =  ( ( ))ji ix km  is the 

Gaussian function (Fig. 2a), when 1, 2, 1sa s= = =  – the 

wavelet Mexican Hat (Fig. 2b), 0, 100, 3sa s= = =  – the 

trapezoidal-like function (Fig. 2d), 0, 1, 8sa s= = =  – the 

triangular-like function (Fig. 2e) etc. (Fig. 2c, Fig. 2f).  

Figure 2 shows the forms of such a function for different 

parameter values. 

 

 
Fig. 2. Flexible membership function for different parameter values 

As it is obvious, this is either bell-shape functions or 

wavelet-like ones. The centres and widths of such functions 

are determined by parameters c  and s , and the shape of these 

functions is determined by parameters a  and s . 

Minimizing learning criterion (2) on the all parameters 

leads to the learning algorithm 

 

( 1) ( ) ( 1) ( 1) ( 1),

( 1) ( ) ( 1) ( 1) ( 1),

( 1) ( ) ( 1) ( 1) ( 1),

( 1) ( ) ( 1) ( 1) ( 1),

( 1) ( ) ( 1) ( 1) ( 1),

w w

i i i

c c

i i i

i i i

i i i

s s

i i i

w k w k k e k J k

c k c k k e k J k

k k k e k J k

k k k e k J k

s k s k k e k J k

s s

a a

h

h

s s h

a a h

h

ģļ + = + + + +ļļļļ + = + + + +ļļļ + = + + + +ķ
ļļļ + = + + + +ļļļļ + = + + + +ļī

 (7) 

where 1( ) ( ( ), , ( ))w w w

i i hiJ k J k J k= K , 

1( ) ( ( ), , ( ))c c c

i i hiJ k J k J k= K , 1( ) ( ( ), , ( ))i i hiJ k J k J ks s s= K , 

1( ) ( ( ), , ( ))i i hiJ k J k J ka a a= K , 1( ) ( ( ), , ( ))s s s

i i hiJ k J k J k= K , 
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 (8) 

When optimizing procedure (7) on its rate of convergence 

and introducing tracking and filtering properties we get a final 

expression: 

 

( )

( )

( )

1

2

1

2

1
1 1

( 1) = ( ) ( 1) ( 1) ( 1) ,

( 1) = ( ) ( 1) ,

( 1) = ( ) ( 1) ( 1) ( 1) ,

( 1) = ( ) ( 1) ,

( 1) = ( ) ( 1) ( 1) ( 1) ,

( 1) = ( )

w w

i i i i

w w w

i i i

c c

i i i i

c c c
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P
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(9) 

IV. FLEXIBLE NEURO-FUZZY NETWORK WITH TUNABLE 

FORM OF MEMBERSHIP FUNCTIONS 

The neuro-fuzzy network proposed by Wang and Mendel 

[17], which possesses universal approximating capabilities, 

has a sufficiently close architecture to the neo-fuzzy neuron. 

Figure 3 shows the architecture of such a network without a 

normalization layer. 

This neuro-fuzzy network implements scatter input space 

partition [18] and consists of h  tunable weights (in n  time 

less than that for the neo-fuzzy-neuron). The normalization 

layer is needed for that space partition to avoid the emergence 

of “gaps” in the input space. 

Of course, the emergence of “gaps” can be avoided using 

the grid input space partition, but at the same time the number 

of tuning synaptic weights sharply increases and achieves 

value nh . 

 

 

Fig. 3. Neuro-fuzzy network 

The use of the flexible membership functions (6) allows 

shifting their centres at any domains of input space during the 

learning process, and the variation of width and the shape of 

membership functions provide required approximation 

properties. 

As it can be seen, such a network implements mapping in 

the form 

 
1

11

ˆ( ) ( 1) ( ( ))

( 1) ( ( ))

h

j j

j

h n

j ji

ij

y k w k x k

w k x k

y

m

=

==

= - =

= -

å

å Õ

, (10) 

and for its tuning the common learning criterion (2) can be 

used.  

If we introduce derivatives of this criterion on all tuning 

parameters of network, we can rewrite (8) in the form 
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To tune all parameters of neuro-fuzzy network, we can use 

a learning algorithm like (9) with new parameters ( )w

iJ k , 

( )c

iJ k , ( )iJ ks
, ( )iJ ka

, ( )s

iJ k . 

When the necessary normalization layer can be introduced 

in the neuro-fuzzy network that does not have tuning 

parameters, it insignificantly complicates the learning 

algorithm. 

V.  EXPERIMENTAL RESULTS 

The efficiency of the proposed flexible neo-fuzzy network 

and all-parameters learning algorithm are illustrated by using a 

forecasting task of chaotic time series. Forecasting of the 

Mackey-Glass chaotic time series is a standard benchmark for 

testing neural networks. 

Data set of Mackey-Glass time series is obtained by a 

difference equation: 

 
10

0.2 ( )
( ) 0.1 ( )

1 ( )

x t
x t x t

x t






 

 
. (12) 

Values of the time series (12) were computed in each 

integer-valued point by the Runge-Kutta fourth-order method. 

Time step was taken equal to 0.1, initial values of the network 

parameters were taken as (0) 1.2x =  and 17t =  to obtain the 

values in the interval 0 50500t = K . 

Values ( 18), ( 12), ( 6), ( )x k x k x k x k- - -  were taken as 

pre-history to predict value ( 6)x k + . Parameters of learning 

algorithm were taken as 0.99b = , 

10000w c sr r r r rs a= = = = = . 

After 50000 steps, the learning process was stopped and 

next 500 samples were used for prediction. Initial values of the 

synaptic weights were obtained randomly in the interval 

[ 0.1;0.1]- . 

As a quality criterion, we have used two types of error: root 

mean square error (RMSE) and absolute percentage error 

(АРЕ). 

Figure 4 shows the prediction results of chaotic time series. 

As it can be seen, the real signal (dot line) and forecast signal 

(solid line) are almost indistinguishable. 

Table I shows the comparative analysis of chaotic time 

series prediction based on different approaches. 

TABLE I 

COMPARISON OF FORECASTING RESULTS 

Neural network / 

Learning algorithm 
RMSE APE 

Flexible neo-fuzzy neuron / Proposed learning 
algorithm 

0.0091 2.8% 

Flexible neuro-fuzzy network / Proposed 

learning algorithm 
0.0101 3.1% 

Flexible neo-fuzzy neuron / Gradient learning 
algorithm 

0.0125 3.92% 

Radial basis function network / Learning 
algorithm (all-parameters) 

0.0231 4.99% 

Radial basis function network / Learning 
algorithm (only synaptic weights) 

0.0595 5.89% 

Multilayer feed forward neural network / 

Gradient learning algorithm 
0.2132 11.35% 

ANFIS/ Gradient learning algorithm 0.0198 4.12% 

 

Thus, as it can be seen from experimental results, the 

proposed approach provides the best quality of prediction in 

comparison with conventional approaches due to the tuning of 

all parameters of a flexible neo-fuzzy network. 
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Fig. 4. Results of chaotic time series prediction based on a flexible neo-fuzzy network 

 

VI. CONCLUSION 

Flexible neo-fuzzy neuron and neuro-fuzzy network with 

membership functions of variable tunable forms and adaptive 

learning algorithms with tracking and filtering properties have 

been proposed. The learning algorithms are simple in 

implementation and provide the high quality of signal 

processing in an on-line mode. Tuning of activation-

membership function form improves the accuracy of 

modelling of nonlinear non-stationary processes. This has 

been shown in the experiments of different time series 

forecasting. The proposed approach may be effectively used in 

many Dynamic Data Mining tasks, namely in the monitoring 

of time series property tasks. 
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Jevgēnijs Bodjanskis, Irina Pliss, Oļona Vinokurova. Elastīgais neo-izplūdušais neirons un neiro-izplūduma tīkls laika rindu īpašību monitoringam 

Mūsdienās mākslīgie neironu tīkli, izplūdušās sistēmas un viļņu sistēmas ir ieguvušas plašu pielietojumu dinamiskas intelektuālās datu analīzes uzdevumu 
risināšanā un nestacionāru nelineāru nekontrolētas vides signālu apstrādē aprioras un tekošas nenoteiktības apstākļos. Katras sistēmas priekšrocību hibridizācija 

ļauj risināt sarežģītus dinamiskas intelektuālās datu analīzes uzdevumus kvalitatīvi augstākā līmenī. Tāpat lielākajai daļai piedāvāto apmācības algoritmu ir zems 
konverģences ātrums, un tie nespēj risināt uzdevumus tiešsaistē, kas ir īpaši svarīgi medicīniskās uzraudzības, ekonomiskās prognozēšanas u.c. uzdevumos. 

Rakstā piedāvāta jauna elastīga neo-izplūdušā neirona un neiro-izplūduma tīkla modifikācija, kā arī apmācības algoritmi visiem parametriem. Elastīgā neo-

izplūdušā neirona arhitektūrā ieviests jauns aktivizācijas-piederības funkciju tips, kurām ir četri uzstādāmi parametri: centrs, platums, forma un elastība. 
Piedāvātais apmācības algoritms nodrošina optimālus uzstādījumus tiešsaistes režīmā ne vien sinaptiskajiem svariem, bet arī visu elastīgo aktivizācijas-piederības 

funkciju visiem parametriem, kas nodrošina algoritmam labākas aproksimācijas īpašības, kā arī ļauj izvairīties no „caurumiem” ievadāmās telpas sadalīšanā. 
Piedāvātos elastīgoss neo-izplūdušo neironu un modificēto neiro-izplūduma tīklus var izmantot kā patstāvīgu neironu tīklu, kā arī par uzbūves elementiem 

evolucionārajās neiro-izplūduma sistēmās un neironu tīklu ansambļos. Veiktā imitācijas modelēšana apstiprina piedāvātās pieejas priekšrocības. Piedāvātās 

sistēmas ļauj risināt tādus uzdevumus kā prognozēšana, monitorings, identifikācija, kā arī nestacionāru haotisku laika rindu emulācija tehniskajā, medicīniskajā, 
finanšu, ekoloģijas sfērā. 

 

Евгений Бодянский, Ирина Плисс, Олёна Винокурова. Гибкий нео-фаззи нейрон и нейро-фаззи сеть для мониторинга свойств временных 

рядов 

В настоящее время искусственные нейронные сети, фаззи-системы и вэйвлет-системы получили широкое распространение для решения задач 
динамического интеллектуального анализа данных и обработки нестационарных нелинейных сигналов произвольной природы в условиях априорной 

и текущей неопределённости. Гибридизация преимуществ каждой из систем позволяет решать сложные задачи динамического интеллектуального 
анализа данных на новом качественном уровне. Также большинство предложенных алгоритмов обучения обладают низкой скоростью сходимости и 

не позволяют решать задачи в on-line режиме, что особенно важно в задачах медицинского мониторинга, экономического прогнозирования и др. В 

статье предложена новая гибкая модификация нео-фаззи нейрона и нейро-фаззи сети, а также алгоритмы обучения всех параметров. В архитектуру 
гибкого нео-фаззи нейрона введён новый тип функций активации-принадлежности, которые имеют четыре настраиваемых параметра: центр, ширина, 

форма и гибкость. Предложенный алгоритм обучения обеспечивает оптимальную настройку в on-line режиме не только синаптических весов, но и 
всех параметров гибких функций активации-принадлежности, что обеспечивает улучшенные аппроксимирующие свойства алгоритма, а также 

позволяет избежать появление «дырок» в разбиении входного пространства. Предложенный гибкий нео-фаззи нейрон и модифицированная нейро-

фаззи сеть могут быть использованы как самостоятельные нейронные сети, а также как строительные элементы эволюционирующих нейро-фаззи 
систем и ансамблей нейронных сетей. Проведённое имитационное моделирование подтверждает преимущество предлагаемого подхода. 

Предлагаемые системы позволяют решать задачи прогнозирования, мониторинга, идентификации, а также эмуляции нестационарных хаотических 
временных рядов технической, медицинской, финансовой, экологической природы. 


